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Abstract:

In this paper, we introduce the notion of P-order (R-order) of internal cubic soft matrices. Further, we
develop union and intersection of P-order(R-order) of internal cubic soft matrices and their related properties have
been investigated.
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1. Introduction:

Fuzzy set theory was proposed by Lotifi A. Zadeh [12] and it has extensive applications in various fields.
In 1999, Molodstov[8] introduced the novel concept of soft sets and established the fundamental results of the new
theory. In 2003, Maji et al.[6] studied some properties of soft sets. Pei and Miao [10] and Chen [1]et al.,
improved the work of Maji et al. [5, 6].In [3], Jun et al., introduced a new notion of cubic set which is a
combination of fuzzy set and interval-valued fuzzy set and also investigated several properties of cubic sets.

Muhiuddin and Al-rogi [9], introduced the concepts of internal, external cubic soft sets, P-cubic
(R-cubic) soft subsets, R-union(R-intersection, P-union and P-intersection) of cubic soft sets and the complement
of a cubic soft sets. They also investigated several related properties and applied the notion of cubic soft sets to
BCK/BCl-algebras.

Fuzzy matrix was introduced by Thomason [11] and the concept of uncertainty was discussed by using
fuzzy matrices. Different concepts and ideas of fuzzy matrices have been given earlier mainly by Kim,
Meenakshi and Thomson [4, 7, 11]. Fuzzy matrix plays a vital role in fuzzy modeling, fuzzy diagnosis and fuzzy
controls. It also has applications in fields like psychology, medicine, economics and sociology.

In the early investigation, Chinnadurai and Barkavi introduced a new concepts of cubic soft matrix,
internal cubic soft matrix, external cubic soft matrix and discussed various result in[2].

In this paper, the new definition of P-order internal cubic soft matrices and R-order internal cubic soft
matrices have been introduced, along with some algebraic properties are discussed with suitable illustrations.

2. Preliminiaries:
In this section we recall some basic definitions and results which will be needed in the sequel.

Definition 2.1 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set over U is
defined to be a pair (d, A) where @ isa mapping from Ato P(U) and Ac E. Then the pair (D, A)

can be represented as, (®@,A)= {‘1) (e)ee A} where @ (e) = {<u, ,‘E\E(U),/le (u)>/u eU,ee A} is a

cubic soft set in which A} (u) is the interval valued fuzzy set and A, (U) is a fuzzy set.

Definition 2.2 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set (D, A) over
U s said to be an internal cubic soft set if A, (U) <A, (u) < A (u) forall €€ A andforall UeU.
Definition 2.3 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set (D, A) over
U s said to be an external cubic soft set if A, (u) ¢ (A, (u), A, (u)) forall €€ A andforall UeU.

Definition 2.4 [9] Let U be an initial universal set and E be a set of parameters. For any subsets A and B of E,
(®,A) and (I",B) be cubic soft sets over U.

1. The R-union of (®,A) and (', B) isa cubic softset (H,C) where C = AUB and
D(e) if e A/B,
He) = I'(e) if e e B/A,
de)uyI'(e) ifeeAnB
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forall €€ C anditis denoted by (H,C) = (D, A)uy, (I, B).
2. The R-intersection of (@, A) and (I",B) isa cubic softset (H,C) where C = ANB and

D(e) if e A/B,
He) = I'(e) if e e B/A,
d(e)n;I'(e) ifeeAnB
forall €€ C anditis denoted by (H,C) = (D, A)y ([, B).

Definition 2.5 [9] Let U be an initial universal set and E be a set of parameters. For any subsets A and B of E,
(®,A) and (I",B) be cubic soft sets over U.

1. The P-unionof (®,A) and (', B) isa cubicsoftset (H,C) where C = AUB and
D (e) if e e A/B,
He) = I'(e) if e e B/A,
de)u,I'(e) ifeesANB
forall e € C . Thisis denoted by (H,C) = (®,A)u, (T, B).
2. The P-intersection of (@, A) and (I",B) isa cubic softset (H,C) where C =ANB and
D(e) if e e A/B,
He) = I'(e) if e e B/A,
b)), T'(e) feesANB
forall e € C . Thisis denoted by (H,C) = (D, A), ([, B).
Definition 2.6 [9] Let U be an initial universal set and E be a set of parameters. The complement of a cubic soft
set (@, A) over U isdenoted by (®,A)° and defined by
(@, A) = (D°,—A) where ®°:—A—>XP(U) and (P, A)° = {D°(e)le € A} where
®°(e) = {u, A (), £W))/u cU e < Al
Definition 2.7 [7] A matrix A=[a;],,, issaid to be fuzzy matrix if a; €[0,1],1<i<m and 1< j<n.
Definition 2.8 [7] For any two fuzzy matrices A =[a;],B =[b;] and ascalar k € F . Then,
() A+B =[supiay,b; = vIa;,bij].
(i) AB=[supiinfia;,b; 1= virla; b1}
(i) KA=[inf k,a; 1= Alk,a;].
Definition 2.9 [2] Let U = {ul,uz,...,um} be an initial universal set and E = {el,ez,...,en} be a set of

parameters. Let A E. Then cubic soft set (d, A) can be expressed in matrix form as

Ay A, oA,

8y 8p @y
A :[aij]: ' .

Apg Anp Amn

such that A" =[a;]= <'z\9] (Ui),lej (ui)> = <Af,iﬁ> which is called an Mx N cubic soft matrix (shortly

CS-matrix or CSM) of the cubic soft set (D, A).
According to this definition, a cubic soft set (d, A) is uniquely characterized by matrix [aij]mxn where
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i=1,23,...m and j=1,23,...n.
Example 2.10 Let U = {ul,uz,ug,u4} is a set of cars and A= {el,ez,es} is a set of parameters, which
stands for mileage, engine and prize respectively. Then cubic soft set is defined as

@,A) ={ [e,,(u,,([0.5,0.8]0.6)),(u,,([0.1,0.7]0.5)), (us, ([0.2,0.6]0.9), (u, ([0.3,0.910.4)) ]
le,, (u,,([0.2,0.5]0.3)), (u, ([0.3,0.6]0.7)), (s, ([0.2,0.7]0.2)), (u,,{[0.3,0.5]0.1))}
[e,. (u,,([0.1,0.810.4)), (u,, ([0.6,0.710.9)), (u,, ([0.2,0.9] 0.5)), (u,,([0.3,0.710.4)) .

Then the CS-matrix A’ is written as,

([0.5,0.8]0.6) ([0.2,0.5]0.3) ([0.1,0.8]0.4)

([0.1,0.710.5) ([0.3,0.6]0.7) ([0.6,0.710.9)

(10.2,0.6]0.7) ([0.2,0.7]0.2) ([0.2,0.9]0.5) |’

([0.3,0.9]0.4) ([0.3,0.5]0.1) ([0.3,0.7]0.4)

Definition 2.11 [2] Let A’ =[a;]1eCSM,, . Then A" is an internal cubic soft matrix (ICSM), if

AT <2 <A foralli,j.

Definition 2.12 [2] Let A =[a; B' =[b;

ij dmxn

(-

] be the two cubic soft matrix of order MxnN. Then

P-order matrix is denoted and defined as [a;] <, [b;], if Aja < éub and A < g foralli,j.

mxn 0€ the two cubic soft matrix of order MxN. Then

Definition 2.13 [2] Let A" =[a; B =[]

ij dmxn 1
R-order matrix is denoted and defined as [a;] < [b;], if A < Eub and A Z,ui'j’ forall i, j.
Definition 2.14 [2] Let A’ =<[;,f_,§?+],ﬂ,;>, B¢ :<[§i?_,§i?+],yi?>eCS|\/l e+ Then
1. P-union of A' and B' is denoted by A' v, B' and defined as A' v,B' =C' | if
— - /e ~C — Aa Rb — b .
C =[c;]1= <Ci}:,7/§> , where Cff = max{Af, B; } and y; = max{ﬂ;,yij} for all i, j.
2. P-intersection of A" and B' is denoted by A’ A, B' and defined as A A, B =C* | if
C' =[c;1= <6,f,7/,‘}> , where C:f =min {Af, §ub} and y; =min {X;,Iul?} forall i, j.
3. R-union of A and B' is denoted by A v, B‘ and defined as A' v, B' =C' , if
( = -/~ ~C _ Aa Qb R b -
C' =[c;]= <Cij°,7/;> , where Cj = max{Aja, B; } and y; =min {Aﬁ,yij} forall i, j.
4. Reintersection of A" and Bl is denoted by A' Ap B and defined as A" A, B' =C' | if
C' =[c;1= <6ij°,7;> , where (SUC =min {Zf, é;’} and yy = max{ﬂ;?,yi?} forall i, j.

3. P-order and R-order of Internal Cubic Soft Matrices:
In this section we define P-order and R-order of internal cubic soft matrix and discussed some algebraic
properties.

Definition 3.1 Let A’ = <;“a,/13> and B' = <|§i?,,ui?> be internal cubic soft matrices, if
Al ¢, B' < A< Bi? and 4; < ,uilj) foralli, j. Then it is defined as P-order internal cubic soft matrices and

it is denoted by 1CSM ©.
Example 3.2 Let U = {ul,uz} be the universal set and E = {61,62,63,84} be the set of parameters. Let
A, Bc E. Then

@,A) ={ [e.(u,([0.2,0.8]0.5)),(u,,([0.3,0.710.4))]
[e,. (u,,([0.4,0.9]0.6)), (u,,{[0.3,0.8]0.35)) |
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(@,B)={ [e:,(u,([0.408]0.7)),(u;,([0.5,0.8]0.6))]
le,. (u,([0.6,1],08)),(u,,([0.7,0.9] 0.75)) }.

Then P-order internal cubic soft matrices is defined as follows,
. _ [([0.20.8]0.5) <[O.4,0.9]D.6>}C B _ [([0.4,0.9];0.7) ([0.6,1],08)
<[O.3,0.7],0.4> <[0.3,0.8],0.5> - <[O.5,0.8],0.6> <[O.7,0.9],0.75>'
(i) A' c, B,
Definition 3.3 Let A =<;«1f,/l;> and B =<§§,y§> be internal cubic soft matrices, if

Al . B' < A< Bi;’ and A; > ,ui'j’ forall i, j. Then it is defined as R-order internal cubic soft matrices and

it is denoted by ICSM .
Example 3.4 Let U = {ul,uz} be the universal set and E = {61,62,63,64} be the set of parameters. Let
A, Bc E. Then

@,A)={ [e,(u,([0.2,0.4]0.3)),(u,,{[0.1,0.6]0.5))]
le,, (u,([0.4,0.8]0.7)),(u,, ([0.2,0.4] 0.4)) }

and
(@,B)={ [, (u,([0.3,0.7]0.3)), (u,,([0.3,0.9]0.4))]
le,, (u,,([0.5,11,08)), (u,,([0.3,0.8] 0.35) )]}.

Then R-order internal cubic soft matrices is defined as follows,
(. [([0.204103 ([0.408]07)|  _ |{[0.307103) ([0.51]06)
" 1(0.1,06105) ([0.2,0.410.4)| =%~ ~ |([0.3,0.9]0.4) ([0.3,0.8]0.35)

(i) Al c B,

Definition 3.5 Let A',B' € ICSM . Then

a) Unionof A" B isdefinedby A’ v, B' =C' =[c;]1, where
— A~ Rb” Aat oot
C —<[max{Aj JBY 3 max{AT, BY ], max{2, ﬂ,,}> for all i,
b) Intersection of A',B* isdefinedby A" A, B =C' =[c;], where
c :<[min{Af‘,§if‘},min{A§+,B’;+}],min{ :, y;;}> for all i .

Example 3.6 Consider Example 3.2. Then union and intersection of Al , B¢ are given by,

a) Alv, B = ([0.4,0.910.7)  ([0.6,1],08) |
"7 7 1{[0.5,0.8]0.6) ([0.7,0.9]0.75) |
0 A AL B = (0.2,08]0.5)  ([0.4,0.910.6)
" [([03,0.710.4) ([0.3,0.8]0.35)]

Definition 3.7 Let A',B' € ICSM: . Then

a) Unionof A',B‘ isdefinedby A" v, B' =C' =[c;]1, where
— A Rb- Aat bt ;
c _<[max{Aj JBY 3 max{A®, BY 3, min{z: y“}> for all .

b) Intersection of A',B* isdefinedby A" A, B¢ =C' =[c;], where

125



International Journal of Scientific Research and Modern Education (IJSRME)
Impact Factor: 6.225, ISSN (Online): 2455 — 5630
(www.rdmodernresearch.com) Volume 2, Issue 1, 2017

o =<[min{§f‘,§§‘},min{§f*,§if+}],max{ e M‘;}> for all i,

Example 3.8 Consider Example 3.4. Then union and intersection of Al , B¢ are given by,

a) ACv, B = ([0.3,0.7]0.3)  ([0.5,1],08)
"7 1(0.3,0.910.4) ([0.3,0.8]0.35)]
5 A n B = | (0204103 ([0.40810.7)
"7 7 (10.1,0610.5) ([0.2,0410.4)|

Proposition 3.9 Let A‘,B{,C' € ICSM” . Then

G A v, A =A",

iy A' v,B' =B'.

(i) (AC v, B JvpCl = AC v, (B! v, Cl ):C(.

proot. Lt A = (A, A;'1,% ). B —<[B.J B ).cC = (1€ 6 15 ) e 108M,,
Then (i) A v, A :<[,§f‘,,§f+],ﬂf}>vp<[Zi§‘_,§f+],ﬂ;> for all i, j.

since A' <, Al @ATSAT and A5 <A foralli,j.

By Definition 3.5(a),

(i) A v, B :<[,K1f‘_,;1f+],ﬂ,> <[BIJ , 5’+],M§’> forall i, j.

since A' <, B <::>AJ <Bb and A <y forall i, j.
By Definition 3.5(a),

A v, B <[max{A” B} max{AT, BY H max{2, y”}>forall i j
<[Bu 1 Bij ],u”>
=<Bi?':uij>
=B
(i) (AC v, BC v, C =(<[,§f,ﬂif+],i,> <[B,J B 1,44 >)vpc(.

since A" < B <> A7 <Bp and A3 <4 foralli,j.
By Definition 3.5(a),

(A v, BO)v,C! (<[max{A,J BT}, max{A:, BY }], max{z: y,,}>jvpc<
<[BIJ , Bj ],u“>vp C!
=(IB} B} 1.ut)v» (IG5 G515 )

since B' <, C' <:,>BUb SCC and ,uij <y; foralli,j.
By Definition 3.5(a),

(A v, B v, C! <[max{BU CS }, max{B? ,c;*}],max{y;,y;}>foran i |
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Similarly, A" v, (B( vp C )= c‘.
Hence, (AC v, B¢ v, C* = AC v, (B¢ v, C)=CL.
Proposition 3.10 Let A ,B*,C' e ICSMrffxn Then
) A v, A =A",
iy A' v,B' =B'.
(i) (A” v B v CC = AC vy (BC v Cf ):C(.
proot Let A" = ([AT A7 1,45).BC =(IB) B 1.4 ).C = (ICF €5 15 ) e 10SM,,.
Then (i) A v, A :<[,§f‘,,§f+],ﬂ,;>vR<[,§f_,éf+],i;> for all i, j.
since A' < Al Qifslf and A > 45 foralli, j.
By Definition 3. 7(a)
v Al

[max{AZ , A% },max{As", A* }], min{ 2, 2 >foral| i |
<A, A1)
AC

(i) A v, B =<[,§?‘,,§f+],;ﬁ> <[B,J B; ]/1u> for all i, j.

since A' < B <::>,Z\Ja <Bj and A >4 foralli,j.
By Definition 3.7(a),

Al v, B [max{AIJ ,B“ }max{AIJ ,BIJ 1, min{; , u; }> forall i,
[§|Jb_’Bb 1 :uij>

IE~3u » Hi >

1
N~ ——

I
Ul

(iii) (A< Vg B )vRC< :(

—

(A" A 1% > <[B“ B! ]ﬂu>)ch<.

since A" < B' < A*<BP and 2 > foralli,j.
By Definition 3.7(a),

(A( Vg B )\/R C!

(<[max{i%;‘ By Y max(A B YmingZ3, 43) | v C°
<[BIJ , By ],uu>vR C!
=(8y B 1 v (I€5 .5 1)

since B <, C' < |§Ub S(Sijc and £ > y$ forallij.
By Definition 3.7(a),

(A vq B )vpCl <[max{B“ (CE 3, max{B; ,c;*}],min{y;,yg}>forau i |
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Similarly, A® v (B( vg C! )= ce.

Hence, (AC v B¢ Jva CC = AC v (B¢ v Cl)=CL.

Proposition 3.11 Let A ,B*,C‘ e ICSM;’Xn Then

i) A A, AU = AL,

iy A" Ap, B = A",

(i) (A Ap B )Ap CC = AT A, (BC Ap C ): AL,

proot Let A' = ([AT A7 1,45).BC =(IB) B 1.4 ).C =(ICF €5 175 ) e 10SM .,
Then (i) A" A, A :<[,§f‘,,§f+],ﬂ,;>/\,, <[f&§‘_,,§f+],ﬂ;> for all i, j.

since A' <, Al Qifslf and A <A foralli,j.

By Definition 3.5(b),

AL A, Al [mln{AIJ ,AIJ }mln{AIJ ,AIJ 1, min{4, A3 >foral| i, j

-
= (A7 A1 )
= A,
(i) AC Ap B :<[Rﬁ_,,§f+],ﬂ,‘> <[B,J B ]/1U> for all i, j.

since A' <, B <::>,Z\Ja < §;’ and A < b foralli,j.
By Definition 3.5(b),

A A, B =<[m|n{AJ (B} min{A* B3], min{z, yu}>f0rall i |
= (A7 A1)
(%)
= AC.

(i) (A Ap B ), C :(<[Af‘,&f*],ﬂ,,> <[B“ B! ]ﬂu>)Apc<.

since A" <, B' < A*<BP and 2 <z foralli,j.
By Definition 3.5(b),

(AC Ap B )np C [<[mm{/\, JBY 3 min{A™ B}, min{ A, ﬂ,,}>jAPc< foralli,j
= (A7 A 125 ne C
= (1A A 12 ) ae (IG5 €5 175 )

. ( ( I’ ~ -
since A" <p C' < A <Cjf and A <y foralli,j.
Again by Definition 3.5(b),

(A Ap B A, C =<[min{li;‘,6;},min{Af CEH, mln{/lu,;/”}>forall i |
= (A7 A4

- (7.)

= AL,
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Similarly, A Ap (B( Ap Cl )= AL,

Hence, (A Ap B )ap CC = AC A, (BC Ap C' )= AL
Proposition 3.12 Let A ,B*,C' e ICSMrffxn Then
() A Ap AU = AL,

iy A" ApB" = A",

(i) (A Ag B )Ag CC = AT A, (BC AgC! ): AL,

Proof. Let A =<[E;‘,Af+], > B! —<[B” B, ,u”> C —<[c,, , ;*],yu>e|csmrf;n
Then (i) A Ap A :<[,§f‘,,§f+],ﬂ,;>/\R <[f&§‘_,,§f+],ﬂ;> for all i, ]

. ( ( s A ..
Since A' cp A" < A <A and A > 45 foralli,j.
By Definition 3. 7(b)

A Al <[m|n{AIJ ,AIJ }mln{AIJ ,AIJ 1, max{4; , A; >foral| iy j
(A A1)
A,

(i) A" Ag B =<[,§?‘,,§f+],;ﬁ> <[B,J B; ]/1u> for all i, j.

since A' < B <::>,Z\Ja < §;’ and A > 4 foralli,j.
By Definition 3.7(b),

A' A, B [mln{AIJ ,BIJ }mln{AIJ ,BIJ 1, max{;tu,y”}>forall i, j
A A1)

I\f>

1
N~ —

I
>

(i) (A A B Jag C —(< : ,Aif‘+],ﬂ,,> <[B“ B! ]ﬂu>)ARc<.

b b -
since A' — B <::>AJ <Bj and Af >4 foralli,j.
By Definition 3.7(b),

(AC Ag B )ag C (<[mln(A” BY ) min(AF B, max(ﬂ,”,,u“)>)/\RC( foralli,
= (A7 A 125 A C
= (1A A 12 hae (IG5 €5 175 )

. ( ( I’ ~ ..
since, A' < C' < A <Cj and A >y foralli,j.
Again by Definition 3.7(b),

(AC Ag B )ACC = ([min{A® ,CS 3min{A* ,CS H,max{i, ;/“}>forall i j
A A1)

A

1
N~ —

I
)>
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similarly, A" Aq (B Ag CC )= AL

Hence, (A( Ag B )/\R Cl = A" Aq (B( Ag C! ): Al

Theorem3.13 Let A", Al Al ,...,Al €ICSM_ . since A' <, A <, Al <, ...cp A
Then Al v AL vp A v v AL = AL

Proof. Let

A= (RS R ) A = (TR A LA, ) AS = (TAS LAY 123, ).

A= <[R;jj‘ AL > eICSM; ..

Then, Ai( Vo Aé Vp Aé Vp...Vp Aé :(Ai( Vp Aé )vp A3( Vp..Vp Aé .

Since, Al <, Al < ;{:‘ < Z\Z and ﬂfl Slgi, forall i, j.

By Definition 3.5(a), ] J J J
= (<[max{,&f;_ , E‘z;},max{;ljf ’ '&Z:}]'maX{ﬂfu ,/13” }>)vP Al v, ...v, Al foralli, j
= (<[,&2},,&;‘J],ﬂ,§“ >jvp Al v v Al
(1R 318, Yo (B B 18, v A o o

Since, Al <, Al < /&2"" < ,&; and A5 <A foralli,j.
ij ij ij ij
Again by Definition 3.5(a),

- (<[max{2\;ij‘,/S;;j‘},max{/X;ij*,/X;:Jf}],max{z;ij A }>)vp A vy v, Al foralli j
(A A1 ) )ve A vivs A
= (1R A1, hve ([AT A2 ) Ve A vy v, AL
Continuing the same process we get,
= (AL, A 1w, ) ve (AT AT 1A )

. ( ~ " a -
since, Ay Sp AL & A(ifl)ij < A‘:,- and ﬂ?k’l)ij < Ay foralli,j.
Again by the Definition 3.5(a),

= (<[max{'&(i_1)ij : ,&QJ_ 1, max{,&(itl)ij , '&fj 1. max{/lﬁ‘kfl)ij , ﬂﬁ‘ij }>j forall i,
R

- (<A€i ,/13“. >)

=Al.
Theorem3.14 Let A", Al , Al ,...,Al e ICSM[ . since Al <, Al < Al cp...Cp Al
Then Ai( vRAé vRAé vR...vRAi =A|f.

Proof. Let
A= (RS AL A = ([AL A1 ) AS = (TAS L ATTAS, .o
A= <[Z\fij_ AL > eICSMF,.
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Then, A' v Al v A§ Vg-vg A= (Al( Vi A )vR Aé ViV Al

since, Al Cp Al < A? <AY and & 273 foralli,j.

By Definition 3.7(a), J J J J
_ (<[max{,&1;_,,&2;},max{,&lei}+, AL YL mingzs }>)VR A v v Al foralli, j
= (<['&2:,'&ZJ+]J~SU >)VR Aé Vg VR Ati
= (<[,&2""ij,;\%+],/1§ij >vR <[,&%,;\3"’:j+],/1§ij >ij Al vig.vg Al

Since, Al c Al < /&Zaij < ,&;:J and ﬂ;ij 2/12” forall i, j.
Again by Definition 3.7(a),
= (<[max{§§ij‘,/1;j‘},max{li§; A YL ming2s, L, }>)VR Al Vg ..vg A foralli, j
= (1B B8, ) Vi A Vi A
= (<[f&3ﬁjn&§;],ﬂgu >VR <[Aij,iz\%+],/12ij >)VR Aé Vg VR A‘E '
Continuing the same process we get,
= (<[A(?<__1)ij ' A(?(—l)ij ]'i?k—l)ij >VR <[Ak:_ , Ak: ]'/12“ >)
since, Ay S AL & A(i_l)ij < Aj:j and ;fg‘k_l)ij > A foralli,j.
Again by Definition 3.7(a),

(<[max{A(k oy AL hmaAL AY Fmingz }>)for alli,

:(@Am’“m]’m>]
) (<Akau‘ Ay >)
- AL
Theorem3.15 Let A", A Al ,...,Al €ICSM_ . Since A <, A <, Al <, ...cp A
Then A Ap AS Ap AL Ap.np Al = Al
Proof. Let
A= (TR AL A = (TAL A4 ) A = (A S LA e
A= (A AL 1A e Icsml,.
Then, Al Ap Al Ap Al Ap.Ap Al = (Al( A A )/\P Al Apnp AL
Since, Al <, Al < Af; < Azaij and /Lij Sﬂf;‘ij forall i, j.
By Definition 3.5(b),

=(<[min{,&1 5\2 } |n{A1 A2 . min{A , 4, }>j/\p Al Ap g Al foralli, j
:(<[~i_ ~:+] % >)Ap Ay Ap e A
- (1A &1 ) (152 A;;;],ﬂ:i,- o A rp e A
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Since, Al <, A{ <:>/&f; S;\% and /Lf‘ij szgij for all i, j.

Again by Definition 3.5(b),
= (<[min{/11;‘,A;;j‘},min{ﬂfi}*,E;;j*}],min{z;j 5, }>)AP A Aponp A Toralli, j
:(@Zﬁ‘j&*],ﬂ% >jAP A Ap g Al
= (<[,&1:,,-&1‘;+],i:] >/\P <[;&:‘” : ,Z\;;],/liij >)AP Al Ap g Al

Continuing the same process we get,

(GRS T G R

Since, Al <, Al & /&f; < K‘:, and ﬂfij < Ay foralli,j.

Again by Definition 3.5(b),

(<[mln (AT AT} mingA: AT H,min{A; 4 }>)forau i |

(3 R 1.4,))
-({%.2,))

— Af )

Theorem 3.16 Let A", Al , Al ,...,Al €eICSM . since A < A <p Al ... AL
Then Al Ap AL A AL ApAg A = AL

Proof. Let

A= (IR AL DAL = (A A 1A ) AL = (A AL LA )

A= ([Ay AV 1A )€ 1CSM7,

Then Al Ap Al Ag AL AgAg Al :(Ai( A A )/\R Al Agong AL

Since, Al < Al < ;sfl‘] < Zzaij and /Lf‘ij Zlgij forall i, j.

By Definition 3.7(b),
:(<[min{/11;‘,ﬂ; hmin{AZ AL H,max{A; , 23 }>jAR AC Ay ng Al foralli, |
= (<[,&lz_, ~?j+],ﬂfij >jAR Al Ag g Al
:(<[,&l:, ~"i’j+],ﬂ,fij >/\R <[;&3“ A3 1, A >)/\R Al Agng Al

Since, Al <, Al & Aij < A5ij and /llij Zﬂgu for all i, j.

Again by Definition 3.7(b),
:(<[min{:&1;_,'&3ai;},min{,&1?j+1 AL Y max{is }>jAR A Ay ng A foralli, |
=(([AT A2 12 ) re A A e A
= (1A A2 12 (TR A1 ) A AL mgne AL

Continuing the same process we get,

> >
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- (<['&1i_ ’ '&1?]’@1 >AR <['&%— ’ 'Z‘kf ]’ﬂiu >)
since, Al < Al @Kf& sﬂ% and A > A forallij
Again by Definition 3.7(b),
(<[mm A} mingAL AT Y, max{s 4 }>)fora|l i |
(% A1)
-((7;4,))

_A:]f-

Theorem3.17 Let A',B‘,C' € ICSM_ | then

(AC vp B )ap CC = (AC A, CO vy (B A, c() B
Proof. Let A :<[Af‘,éf+],zg> <[|3,J B ] ),C —<[C., , ,-°+],7u>€|CSMr'§Xn
Then, LH.5=(A v, B )a, C! :(<[/3;‘,Af+],ﬂ,,> <[BJ B! ]yu>)Apc<.

since A < BC <> A*<B and & < g foralli,j.
By Definition 3.5(a),

(A€ v, BO)a, C :(<[max(2§f‘,|§i§"),max(li§*, "), max (A2, )>jAP c forall i, j

g>z

< i P
(B By 1y )~ (I€5 G5 175 )

since B' <, C* < B <C; and 4 <y¢ foralli,}.
By Definition 3.5(b),

gbf BY ],,uitj)>/\ C!

[mln{BIJ , }mln{BIJ ,Cif}],min{ui';’,;/ij?}>forall iy

<
= 18y By, yﬁ}
<

since A' <, C' < fﬁéuc and ﬂf} S}/i‘; forall i, j.
By Definition 3.5(b),
(AC ApCt) = ([mingAr ,CS 3 min{AX,CS ], min{A:, ;/u}>forall i j

<
(A A1)
<

= (A7)
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Then, (B( A C() (<[BJ , Bj ],u“> <[CIJ ,C; ],7§>).

since B' <, C! <:>B,JbsCc and 25 <y forallij.

Again by Definition 3.5(b),
(B¢ ApC') = <[m|n{BU ,CS },min{B; ,Cij?+}],min{yi?,7/§}> forall i, |

~pt
!Bu ] /uu>

=
<.J,uu>
(B (8

B(
since A' <, B <::>Aj < Bi:-) and A S,uij forall i, j.
By Definition 3.5(a),

(A( Ap C! )\/P (B( Ap C! )

(A< Ap Cl )v ( Ap C(

max(A; By hmaxA; By Ymady. u})
[Bu 'Bij ]uuij>

b~ pbt b
[Bu ! Bij ]Huij >
C

11
T~ —

I
v y)

Hence, (A¢ v, B Ja, C! (A< A COvp (BC ApCl)=
Theorem 3.18 Let A' ,B‘,C‘ e ICSM ,Exn, then
(A( vy B )/\R C :(A( AR C() (B( Ag Cl )=
Proof. Let Al :<[Af‘,};f*], >B< —<[B,J B! ],uu> C —<[c,, , ;*],yu> ICSME_..

Then, LH.5=(A" v, B )a, C! :(<[/3;‘,Af+],ﬂ,,> <[Bu B! ]yu>)ARc<.

since A C BC <> AP <B and A > g foralli,j.
By Definition 3.7(a),

(A( VR B( )/\R C! (<[maX{Au 1Blj } maX{Au ’Blj }] mln{,iu s L }>)/\R C(
<[BJ 1 Pjj ] ,Uu>/\ C!
<[Bu » Bjj ] /uu> <[CIJ ’Cijc+],]/i? >

since B' <, C' <:,>BUb SCC and ,uij > y; foralli,j.
By Definition 3.7(b),

<[m|n{BU ,CS ¥, min{B? ,Ci}’+}],max{y§,yu?}>foraII i |
6 5 1)
<§.,,u.,>

RH.5=(A" ApCO)vq (B ArC)
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Then, (AC Ap C' )= (<[A, AN >AR <[Cu Ct ],y;>j.

. ( ( .
Since A' <, C' < Af SCijc and A5 >y foralli,j.
By Definition 3.7(b),

(A( Ag C! )

<[min{,&if,5if},min{5\ij’ G H max{22, yu}> forall i, |
(A &%)

- (R.)

Then, (B( Ag C! ):(<[BIJ , Bj ],u“> <[CIJ ,C,;?+],7/§>).

since B <, C' < I§Ub SCiJ-C and £ > y$ forallij.
Again by Definition 3.7(b),

B rect) = (Iming8}",C; 1 min{B)" ;" Y1, max{u 53]
= (18, .5 ],u!;>
= (B
(A( 1% )VR (B( g C! ) :<Aij’ ij> VR <§i?’ﬂi?>
=A" v, B".

since A' < B <::>AJa < §|:’ and A > 1 foralli,j.
By Definition 3.7(a),

(A( AR C( )VR (B( /\R C( ) [maX{Au ’Bu } maX{Alj ’Bu }] mln{ﬂ‘u :uu}>

[Bu By ],u”>
[Bu By ]’ u>

( .

1
T~ —

I
oY)

Hence, (A( vy B )/\ C! (A( Ag C )VR (B( Ag C! ): B( .
Theorem 3.19 Let A' ,B¢,C* e ICSM P

(AC Ap B JvpCl = (A v, CO)A (I;(Xn\’/ thcir: ):c<
Proof. Let A =<[Z;“,Af+], > B! —<[Bu B, ,uu> C —<[c:,, , ;*],yu>e|csmr';xn
Then, LH.5=(A A, B Jv, C! :(<[/3;‘,Af+],ﬂ,,> <[Bu B! ]yu>)vpc<.

since A <, B¢ <> A*<B and & < g foralli,j.
By Definition 3.5(b),

(A" A, B v, C (<[mm{AJ JBY 3 min{A™ B}, min{ A, yu}>)vpc< forall i
= (A7 A1) ve C!
= (1A A 12 e (IG5 €5 175 )
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since A' <, C' < Z,f S(Sijc and A <y foralli,j.
By Definition 3.5(b),
= ([max(A: ,CS ), min(A*,CS )] min (42, 7/”)>forall i, j
[Cu 'C|]?+]17/ij?>
= <Clj ’yu >
=C'.
RHS=(AC v, C)ap (B! vy C')

Then, (AC v, C* )= (<[AJ AL v 165G ],y;>j.

. ( ( ..
Since A' <, C' < Af SCi}: and A5 <y foralli,j.
By Definition 3.5(a),

(A v, ct) =<[max{/1f’,(:‘;’},max{im.a CE 1 max{2® 7”}> forall i,

/\/\

Then,(B % C() [<[BIJ , Bj ],uu> <[CIJ : ij°+],7/ij9>j.

since B' <, C* < B <C; and 4 <% foralli,}.
Again by Definition 3.5(a),

(B v, c!) :<[max{BU G} max{BY € 3, max{u, y;}>forau i |
= <[6ij(vc~uc+]a7/i?>
= <(E|JC’7/|T>

(A( vy C )/\P (B( vy C ) = <C§,7J>AP <C,J°,7/,T>
=C' A, C'.

By Proposition 3.11(i),
(A( vp C )/\p (B( vp C )—C‘ Hence,(A( Ap B )vP c' = (A( vy C! )/\P (B( vp C! ):C( .

Theorem 3.20 Let A' ,B‘,C‘ e ICSM nfxn, then

(A( Ag B )VR C :(A( Vi C() (B( vy Cl )= c’.
Proof. Let A( :<[;\?!;ﬁ?+]! > B( _<[BJ (]| ]qu> C( _<[C|] ’ i;:+]|7/ij> ICSMrExn

Then, L.H.S:(A( Ag B )\/R C! :(<[Af_,,z«1f+],ﬂ,,> <[BIJ , Bj | 1 >)\/R c‘.
since A" < B' < A*<BP and 2 > foralli,j.
By Definition 3.7(b),
(AC Ay BO v, C =(<[min{};f’,é;’},min{/i;le ], maxid, ,uu}>ij C foralli, j
= (1A A1 4 v C
= (A A 14 v (IG5 €5 1)
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Since A' <, C! @Z,fgé,f and A >y foralli,j.

By Definition 3.7(a),

= (Imax{A" ,C¢ } max{A* € 3, min{2, 7,J}>forall i |
€5 €5 175)

éijc’7i?>

1
T~

RHS=(AC viC )ag (B! veC')
hen, (A v, €)= (A7 A 145 v (165 €515}

. ( ( ~ ..
since A\ < C' < A/ <Cj and A >y, foralli,j.
By Definition 3.7(a),

(A voct) =<[max{A;“,6;‘},max{Af CE M mingz, yu}>forall i |
= <[6|107 ’6i]?+]’7ij?>
:<6ijcf7’i?>-

Then, (B( Vi C():(<[BU , Bj ],u“> <[CIJ ,C; ],7§>).

since B! < C* < B <C[ and 4 > y¢ foralli,}.
Again by Definition 3.7(a),
(B( Ve C() = [max{BIJ , }max{BIJ ,CIJ Homin{, 7 }> forall i,

(A( vg C )/\R (B( vg C ) =

By Proposition 3.12(i), (A( vy C )/\R (B( Ve C( ): ct.
Hence, (A Ag B Jv C! —(A< veC)ag (B  veCt)=Ct.

Theorem3.21 Let A',B*,C' € ICSM | then

A Ve (B A CU)= (AT vy B Jap (A v, C ):B(
Proof. Let A =<[/§f‘,/§f+],;¢ > B! —<[B” B, ,j> <[c:” ,cij°+],yij>e|csmnixn
Then, LH.S= Al v, (B( Ap C! ): (<[BIJ , Bj ],u“> <[CIJ ,Cj ],7;>j.

since B' <, C' < Blj’ SCC and ,ui? <y; foralli,j.
By Definition 3.5(b),

Al v, (B( Ap C! ) = Al v (<[m|n(BIj : ) mln(BIJ ,Cf)],min(yi?,yi‘j’)>)forall i, j
= A, (IBy B ],u;’>
= (1A A1 ) ve (BB 1t ).
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. ( ( N ) b ..
Since A' <p B' < Af <Bj and A <y foralli,j.
By Definition 3.5(a),

<[max{,5\if‘ BY }max{AT,BY" ¥, max{ A, y”}>forall i |

= <[B|jb_’B|J ]!;uij>
5.0
=B,

RH.5=(A" vy B )ap (A v, CO)
e, (A v, B )=( (A7 A7 125 ) v (1885 1))
since A' <, B <::>,Z\Ja < E,f’ and A < foralli,j.
By Definition 3.5(a),

(A v, B) <[max{A,J BY hmax{As, BY }] max{, ,uu}>forall i |

= (187 By 1)
= (B

hen, (A v, €)= (A7 A 145 v (15 €175}
Since A' <, C! ci,fgé,f and A <y foralli,j.

Again by Definition 3.5(a),

(AC v, ) [max{A? ,C: },max{A* ,C: I, max{A, y“}>forall i j

=
(6 €17
(C7i)

(B7.44) e (CF.74)
=B' A, C*.

since B <, C' < B <Cf and 1 <p; foralli,j.
By Definition 3.5(b),

(A v, B)ap (A ApCY) <[m|n{B“ G 3 min{B",CE H,min{u, y;}>forau i |
(c L uﬁ’}
[Bu J IJ ] 'Uu>

(AC v, B )ap (A€ ApCY)

Hence, A' v, (B( Ap C )—( ¢ v, B ) Ap (A( v, C ): B¢
Theorem 3.22 Let A' ,B‘,C‘ e ICSM ,Exn, then

A v (BC Ag €)= (AT v B )ag (A veCl)=BC.
proot Let A" = ([AT A7 1,45).BC =(IBy B 1.4 ).C' = (ICF .65 15 ) e 10SM,,.
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Then, LHS= AC vy (BC Ag C)= A (<[B“ B L) n (16 ],y;>j.

since B' <, C! <:>B,JbsCc and 26 >y forallij.
By Definition 3.7(b),

Al v (B< AR C<) = Al (<[mln(BIJ , )mln(BIJ : ij°+)],max(y§,y§)>jforall i, J
A VR <[B|:)7’BI:]+] fuili)>

(A A1 ) ve By By 1)

since A' <, B' A" < I§ub and A > 1 foralli,j.
By Definition 3.7(a),

<[max{A“ JBY 3 max{A™ ,BY" ¥, min{A2, yu}>f0rall i |
S CRERYS
=(8).4)
=B,
RH.5=(A" vy B )ag (A veCl)
e, (A v, B )=( (A7 A 125 ) v (1B B 1))

since A i BC <> A*<B and A > g foralli,j.
By Definition 3.7(a),

(A v, BY) <[max{AU (B} max{As, BY" ¥, min{ 2, yu}>f0rall i |

= (18 By 1)
= (BJ.44)

Then, (A( Vg C ): (<[E"a,ﬂua+],il > <[CIJ ,Cij°+],7§>j.
since A' <, C' < ,Z,f Séijc and A5 >y; foralli, . Again by Definition 3.7(a),

(A vect) =<[max{/1f’,6;’},max{Af CE L min{z2, ;/,J}> foralli, |
f CIJ ] 7/|J>

e
<C., ,7.,>
(8]

B B A 20 C1) = (B85 e (G575

Since B <, C' < |§Ub S(Sijc and £ > y$ forallij.
By Definition 3.7(b),

(A v BO)ag (A ApC) = ([min{B .S 3, min{B} ,Cij°+}],max{yi§’,7§}>forall i j

Chh ]y.,)
[Bub 1Bij ]w”ij>

( .

I
T N~ T —

o]
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Hence, Al Vi (B( AR C! )—( ( Ve B! )/\R (A( Vi C! ): B¢ .
Theorem 3.23 Let A' ;B ,C* € ICSM? | then

A" Ap (B ve €)= (A" Ap B vy (A ApCl )= A

Proof. Let A :<[,§f,,§f*], >B< —<[|3,J B! ]ﬂu>c< —<[(:|J , J.°+],yu> ICSM?._.
Then’ LH.S= A( (B( v C() (<[Bu (|1 ]/J“> <[Cu 1 Mij ]17|T>j

since B' <, C! <:>B,Jbsc° and 44 <y; foralli,j. By Definition 3.5(a),

AC A, (B< Vo C() = Al A (<[max(BIJ , )max(BIJ ,CijC+)],max(ﬂi?,yu?)»forall i, j

=AC A, <[c,, Ce ],yg>
= (A7 A1)~ (16565 1)
since A" <p C' < AP <CJ and & <y; foralli,j. By Definition 3.5(b),
:<[m|n{AU &3 min{AS,C¢ J,min{A2 yu}>forall i |
A A1)
(A 4)
( .
RH.5=(AC Ap BO vy (A€ A, CY)
e, (A~ B )=( (A7 A 125 ) o (1885 1))
since A' <, B <> A" <B and A < foralli,j. By Definition 3.5(b),
(A" A, BY) <[mm{AJ JBY 3 min{A",BY"}],min{A: ,u”}> forall i, |
= (A7 A1)

- (5.4)

Then, (A A, C! )=(<[A§,Z;*],A,> <[c” ,c;*],7;>j.

. ( ( A ~ -
since A" <p C' < A/ <Cj and A <p; foralli,j.
Again by Definition 3.5(b),

(A" A, ) =<[min{,&,—f,6;},min{,&§ CE M min{2e, yu}>forall i |
= (A7 A1)
&)

(AC Ap BO)v, (AC v, Cl) = v (A2
=AC v, A",

By Proposition 3.9(i), (A( Ap C! )\/P (B( Ap C! )= I\
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Hence, A' A, (B( vp C )—( C Ap B() p(A( Ap C! ): Al
Theorem 3.24 Let A' ,B‘,C‘ e ICSM nfxn, then

A' Ag (B( vg C ):(A( Ag B )VR (A( Ag Cl ):

Proof. Let A :<[,§f,,§f*], >B< —<[|3,J B! ]ﬂu>c< —<[(:|J , J.°+],yu> ICSMF_.

Then, LHS= A" A, (BC v4CC)= A (<[B“ B L) ve (I€F G ],y;>j.

since B! <, C! <:>B,Jbsc° and 24 >y foralli,j.
By Definition 3.7(a),

AC Aq (B( Vi C() = A A (<[max(BIJ , )max(B“ ,Cf)],min(yi?,7i§)>)forall I, J

Ci;: ]!7i?>

= (1A A 12 ) ae (IG5 €5 175 )

. ( ( I’ ~ ..
since A\ < C' < A <Cj and A >y, foralli,j.
By Definition 3.7(b),

= A" Aq <[C

:<[min{Aja‘,6;‘},min{Af G}, max{ 2, ;/U}>forall i |

(A A12)
)
( .
RH.5=(A" Ap B Jvp (A ApCl)

Then, (A( Ag B )=(<[Af,&f+],& > <[BIJ : Jk-)+],,ui;’>j.

since A' < B <::>AJ <Bb and A >y forall i, j.
By Definition 3.7(b),

(A" Ay B) <[m|n{A“ BY 3 min{AZ, BY"}], max{A: y”}>forall i |
= (A7 A 1)
:<'&i?'7i?>'

1
> T~

hen, (A~ €)= (AT A 145 )re (165657175}

. ( N ~ ..
since A" < C' < AP <Cf and & >pf foralli,j.
Again by Definition 3.7(b),

(A€ ApC) = [min{li;’,c':”;’},min{éf ,CE" 3], max{A2, yu}>forall i j
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By Proposition3.10(i), (A( Ag C! )vR (B( A C! ): Al
Hence, A" A (B< vg C )—(A< Ag B )VR (A( Ag C ): AC
Theorem 3.25 Let A ,B € ICSMF . Then

M (A v, B f =B A, A,
(ii) (A( Ap B )° =B "v, A
Proof. Let A :<[Af_,,§f+],ﬁ,ﬁ> and B —<[Bu , B ],u“>

i LHs =(ACv, B )°.:(<[A;“,Af+],1;> . (I8 8] ]yu>jc.

: ( ( Aa -~ pb b .
Since A' < BY < A <By and A7 <4 foralli,j.
By the Definition 3.5(a),

= ({moAy B Y.ma(A" By Mmaxs ) ) orati
= ([1-maqA; . B) h1-madA; By 3 1-mad2. })
([L-max(A;", By}, 1-ma(A;,BY }1,1-max{, i)
(IS5 €5 )

=C‘.
RHS=B " A, A

(-a0)f (1)

<[1 By 1-B ]1—/15>/\P<[1—/§f_,l—/§ja+],l—i
<[1 B 1- §i§"],1—y§>AP<[1—Afﬂ1—§f‘],1—i
since B* <, A'°, by Definition 3.5(b),

<[m|n{1 B 1- A"} min{1-BY 1- A },min{1— 41— zf‘}>

(IS5 €5 )
=C.

= =
\-/\/

!

LHS=R.H.S
so (A v, B f =B A, AC.

) LHS =(AC A, BCS :(<[A§‘_,Rf+],/1§> <[B,l B 1,4t >jc

: ( ( A2 < Rb b .
since A' <p B' < Af <Bj and A <y foralli,j.
By Definition 3.5(b),

= ({[mingA&;™ By 3 mingA By Ymingz. ) forani
=([1-min{A’ B} }1-min{A; B} }.1-mingZ; 4}
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= <[1— min{A’", B} },1-min{A’ , B} }],1-min{ 3,ui§’}>
= (1€ .E D)
=C‘.
RHS=B v, A

(B v o (A A115))

<[1 By 1-B ]1—yi§?>v,,<[1—A;*’,1—Z,;**],1—2,
<[1 B’ >vp<[1—l,f*,1—Af‘],1—z
Since B° Cp Al C, by Definition 3.5(a),

<[max{1 By 1- AN} max{1-BY 1- Af‘}],max{l—yi?,l—z,;}>

(65" )
=c.

ob~ b
1- Bij 1.1- Hij

!

= =
\-/\/

LHS=R.H.S

so (A" Ap B f =B "y, A",

Theorem 3.26 Let A", B € ICSM[ . Then
() (A vy B f =B ap A,

(i) (A Ag BCf =B vy A,
Proof. Let A =<[Rf‘,§f+],z,;> and B _<[Bu , Bj ],uu>

O  LHs =(A v, B =(<[A;*,Af*],,1;> (BB L >j

since A' <, B' A" < I§ub and A > 0 foralli,j.
By Definition 3.7(a),

:(<[max{,§;‘,|§i}’},max{,§f+,|§i§’+}],min{ f},yi’j’}»c forall i, j
= ([1-max{A? B} 3.1-max{A! B} }].1-min{%;, 143})
= ([1-max{A? B}, 1-maq(A! ) }1.1-min{%;, 143})

= (€. ED)
=C.
RHS=B " A, A

(18704 ne( (B 5715))

<[1 By 1- Ea'§+],1—yi§’>AR<[1—Z,;“,1—Af+],1—13>
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= <[1— é-ijp+ 1= gi?_]’l_ﬂi?> AR <[1_ Zﬁf+ 1= ;1?_]’1_}“3>'

since B'° Cq Al C, by Definition 3.7(b),
. <[min{1— B 1- A7}, min{1-BY 1- A® }],max{1- 1 ﬂ,;'}}>
= (1€ 1))

=C‘.
LHS=RH.S

so (A v B f =B ap A",
@ s =8 B S =T A LA ae (188 1))

since A i BC <> A*<B and £ > g foralli,j.
By Definition 3.7(b),

. [<[min{l,ja‘ JBY 3, min{A" | BY 1], max{£2, ,,15}>jc foralli,
= <[1— min(A®, B ),1-min(A™, B")],1- max (2, y:;)>
= ([1-min(A7 B).1-min(A} B} )], 1-max(%. 1) )
= (1€ 1)
=ct.
RHS=B v, A

(<[§UP_ , §i?+]1ﬂi?>jc VR (<[ ~?_ ' E‘f]’lﬁ >jc

[1-B) 1-B) 11— ) ve ([-AF 1-A 10

ij

< )
([1-By" 1-BY 14~ 4 v

> [1- Aja* 1- Af’],l— ﬂ,f}>.
since B* < A'°, by Definition 3.7(a),
<[max{l— B 1AM} max{1-B" 1- A* 3], min{1- 4,1 ﬂ;}}>

ij !

(5. 1)

=C¢.
LHS=R.H.S
so (A" Ag B f =B "y A",
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