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Abstract:

The aim of this paper is to propose Runge-Kutta (ERK) methods of order 3 and 4 for solving
intuitionistic fuzzy differential equations (IFDEs). Convergence analysis of RK methods has been carried out.
The applicability of RK methods is illustrated by solving intuitionistic fuzzy differential equations with
triangular intuitionistic fuzzy numbers. Comparison of the numerical solution with exact solution shows good
accuracy.
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1. Introduction:

Fuzzy set theory is a useful tool to describe the situation in which data are imprecise or vague or
uncertain. The concept of fuzzy set theory was introduced by Zadeh [20]. This concept was extended to the
intuitionistic fuzzy set (IFS) theory by Atanassov [5]. Fuzzy Differential Equation (FDE) models have wide
range of applications in many branches of science and engineering. Chang and Zadeh [8] first introduced the
concept of fuzzy derivative. Kaleva [9, 10] and Seikkala [17] extensively studied the fuzzy initial value
problems. Recently many research articles are focused on numerical solution of fuzzy initial value problems.
Ming Ma et al. [12] introduced Euler method for solving FDEs numerically, Ahmad and Hasan [3] have
discussed a new fuzzy version of Euler’s method with fuzzy initial values. Bede et al. [6, 7] introduced a new
concept of the generalized of fuzzy interval valued functions. Melliani et al. [11] have discussed differential and
partial differential equations under intuitionistic fuzzy environment. Abbasbandy and Allahviranloo [1, 2, 4]
introduced the numerical solution of FDE by Runge-Kutta method with intuitionistic treatment. Mondal and
Roy [19] havediscussed the first order homogeneous ordinary differential equation with initial value as
triangular intuitionistic fuzzy number. Sneh Lata and Amit Kumar [18] have introduced time dependent
intuitionistic fuzzy linear differential equation. Nirmala et al. [13 — 16] have discussed numerical solution of
intuitionistic fuzzy differential equation by Euler, Modified Euler, fourth order RK and predictor-corrector
methods under generalized differentiability concept. This paper presents RK methods of order 3 and 4 for
solving intuitionistic fuzzy IVPs. The convergence analysis of RK methods has been discussed. The efficiency
of these methods has been illustrated by numerical examples.

2. Preliminaries:
Definition 1:

The o, B-cutofan IFN A={X, 1,(X), 9,(X) \ x € X } is defined as follows:
A={X, 1,(X), I (X) \ x € X, 1, (X) = xand 3,(x) <1— e} Vx [0,1]
The « -cut representation of IFN A generates the following pair of intervals and is denoted by
[AL, ={[A; (). A} (@LIAL(B). AL (B)] |-

Definition 2
A Triangular Intuitionistic Fuzzy Number (TIFN) U is an intuitionistic fuzzy set in R with the

following membership function £, (X) and non-membership function 3, (X). given as follows:

X—a a, — X .
: <x<a —, <X=<a
a2—31 a:l. 2 az_alu al 2
a; — X X—a, ,
X) = a, <Xx< G (X) = , a,<x<
ILIA() a,-a, 2 a, A() ag._ i 2 a,
0, otherwise 1 otherwise




International Journal of Scientific Research and Modern Education (IJSRME)
Impact Factor: 7.137, ISSN (Online): 2455 — 5630
(www.rdmodernresearch.com) Volume 5, Issue 2, 2020

wherea, '<a <a, <a, < a,"and TIFN isdenoted byU = (a,,a,,a,; &, ', a,, ;")

3. Intuitionistic Fuzzy Cauchy Problem:
Consider IFDE equation is of the form

{y'(t)=f(t,y(t). tefab]

y(to) =Yo (3.1)
Where y is an intuitionistic fuzzy variablet, f (t, y(t))is an intuitionistic fuzzy function of the crisp variable t
and the intuitionistic fuzzy variable y and y’ is the intuitionistic fuzzy derivative. If an initial value y(t,) =Y, .

Itisgivenby y'(t) = f(t,y(t), y(t) =Y,
An equivalent system equations as follows:

VO ={y" ).y Gy Ga)y Gl where

Yt =0 y)=minl @uluely v =FC v, y), Y=y (2

y @)=y =max|f@uluely y =60y, y) y)=% @3
G =1 y)=min{f-tlucly yIf=HE YY), Y=Y (G4

Yy A =T y)=max{f-tluely vy Il=1t Yy, v), y )=y (35
4. Runge-Kutta Methods for Solving Intuitionistic Fuzzy Differential Equations:
Consider the fuzzy IVP

{y'(t)zf(t,y(t), telt,T]
y(t,) =Y, (4.1)
Where y is a fuzzy function of t, f(t, y) is a fuzzy operation of the crisp variable t and the fuzzy variable y, y'is
the fuzzy derivative of y and y(ty) = o is a fuzzy number.
Let Y =[Y", Y_*,f, Y_’] be the exact solution and y =[y", F Yy, y_‘] be the approximated solution

of the fuzzy IVP (4.1). Throughout this argument, the value of r is fixed. Then the exact and approximated
solution at t,are respectively denoted by

IY &), , =Y (@)Y (@), Y- (L, B),Y (&, )]

Y, s =1y (4 @),y (4, @),y (4, A Y (. A, (0<a, B<N).
The grid points at which the solution is calculated are

1=

h=T"% ¢ _t +ih 0<i<N.
(4.2)
The general form of s-stage RK for intuitionistic fuzzy IVPs
S
+ gt
y_n+1 B y_n + hlz_l:bl Ki
R R S
+ +
y nel T y n +hzbi|_i
i=1
S
y—n+l - y_n + h;bl Mi (4.3a)

y_n+1 = y_n + hzblNl
i=1
Where
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Ki=F(,+ch y' +h> aK)),
=1
L =G(t, +c,h, y',+h>a, L),
j=1
M;=H(t,+ch, y +h>a;M), (4.30)
j=1

N, = I(t, +c, h, Fn+h2aij N,), i=12.--,s
-1

where a;’s, bi’s and c;’s are constants chosen according to the order of the RK methods. Here, the RK schemes

up to fourth order have been provided.
4.1 First Order RK (RK1) for Intuitionistic Fuzzy IVP:
RK1 scheme for intuitionistic fuzzy I\VVP is given by

Y (. @)=y (t,;2)+hK,
Y (tyas @) =Y (t,;2) +hL
Y (. @)=y (t,; B)+hM,

Y (t,.; @)=y (t,; B)+hN,
Where

K, =F(t,y (t,; ).y (t,;)
L =G(t,.y (t,; ).y ;)

M, = F(t,, y (t;: 8.y (t,: )
N, =G,y (t,; ).y (t,; )

This formula is called intuitionistic fuzzy as Euler method.
4.2 Second Order RK (RK?2) for intuitionistic Fuzzy IVP:
RK2 scheme for intuitionistic fuzzy IVP is given by

Y (s @) = Y7 (t,; @) +hK,
Y (b @)=y (t,; @) +hL,
Y (b A=Y (¢, B)+hM,
Y (G B) =Y (t,; ) +hN,

Where
Ky =F(t, Y (t;a) y (t,; @)
L =Gty (t; @), y' (t,;@))
M, =H(t, y (t,:8), Y (t.: )
N, = 1(t, Y B), Y (s 5))
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K, = F(tn+%h, y_*(tn;a)+%hKl,F(tn;a)+%hLl)
1., 1. — 1
LZ:G(tn+Eh,y_(tn;a)+EhKl,y (tn;a)+§hL1)
1. 1. — 1
M2=H(tn+§h, y_(tn;ﬂ)+§h|\/|1,y (tn:ﬁ)+§hN1)

N, =1 20y (i) +hM, Y (4 4)+5hNy)

4.3 Third Order RK (RK3) for Intuitionistic Fuzzy IVP:
RK3 scheme for intuitionistic fuzzy IVP is given by

+ + h
Y_(tn+1; a) = Y_(tn; ) +E(K1+4K2 +K,)

n — h
y (. o)=Yy (t,; a)+g(L1+4L2+L3)

Y (i )= Y (& f)+ (M4, + M)

V (s ) =Y (i )+ SN+ 4N, +Ny)
Where .
Kl = F(tn’y_+(tn1a)' y+ (tn’a))

L =Gty (t,; ),y (t,;2))
M, = H(t,. Y (t,:8).y (t,: )
N, =1(t,y (t; B) Y (t,:5)

KZ:F(tn+%h, y_*(tn;a)+%hKl,F(tn;a)+%hLl)
1, . 1 — 1
LZ:G(tn+§h,y_(tn;a)+§hK1,y (tn;a)+§hL1)

M, = H(t +=h, y (t: B)+=hM,,y (t.: B)+=hN)
2 - 2 2
1
2 —_—
Ky =F(t, +hy (t,;a)+h(-K +2K,), y"(t,;a) + h(-L,+2L,))
L, =G(t, +h, y" (t,;@) + h(-K ,;+2K,), y* (t,;@) + h(-L,+2L,))
My =H(t, +h,y (t,; ) +h(-M ,;+2M,), ¥~ (t,;@) + h(~N,+2N,))

N, =1(t,+h,y (t,; 8)+h(-M 1+2|\/|2),F(tn;05)+h(—N +2N,))

4.4 Fourth Order RK (RK4) for Intuitionistic Fuzzy IVP:
RK4 scheme for intuitionistic fuzzy I\VP is given by

N, = I(t, + h,y_<tn;ﬂ)+§hml,y_<tn;ﬂ>+%hN1>
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Yt @)=y (t; a)+%(Kl+ 2K, +2K, +K,)

Y (s @) =Y (b @) +%(L1+ 2L, +2L,+L,)

] : h
Y (i A=Y (63 A+ 5 (M+2M, +2M, + M)

— h
y+ (tn+1; IB) = yi(tn; ,B) +€(N1+ 2N2 +2N3 + N4)
Where o
Ki=F(t,y t,;a).y (t,;a))

L =G, Y (t,; @),y (t,; @)

M, =H(t, y (t,; B) Y (t,; 5))

N, = 1ty (t: 8), Y (¢, )

L e Thk vt oyt
KZ_F(tn+§h, y_(tn,a)+2hKl,y (tn,a)+2hL1)

L, =G(t, +%h,y_*(tn;a)+%hKl,F(tn;a)+%hL1)

M, = H(tn+%h, y_-(tn;ﬂ)+%h|v|1,?(tn;ﬂ)+%hm1)

Nz=I(tn+§h,y_<tn;ﬂ)+§hml,y_<tn;ﬂ>+%hN1>

K, = F(tn+%h, y_+(tn;a)+%hK2,F(tn;a)+%hL2)
1., 1. — 1
L3=G(tn+§h,y_(tn;a)+§hK2,y (tn;a)+§hL2)
1. 1 — 1
MSZH(tn+Eh'y_(tn’ﬂ)-’_EhMZ'y(tn’lB)-’_EhNZ)

N3=I(tn+%h,y_‘(tn;ﬂ)+%hM2,F(tn;ﬂ)Jr%hN?_)
K,=F(, +h y'(t,;a)+hK;, y'(t,;@) +hLy)
L, =G(t, +h, ¥ (t,;e)+hK,, y'(t,;@)+hL,)
M, =H(t, +h, y (t,;8)+hK,, ¥ (t,; 8)+hLy)
N, =1t +h, y (t,; B)+hK,, v (t,; 8)+hLy)

5. Convergence of Intuitionistic Fuzzy Runge-Kutta Methods:
The solution is obtained by grid points at

a=t, <t <----<t, =band h:%ztml—tn (5.1)
We define

F It y(t:a)l = 2 K, y(t,;a) Glt, y(t,:a)l =2 bl ( y(t,:a)

H It Yt A1 = DB, (G Y ) 1 Y A1 = BN, 4,y B) 62
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The exact and approximate solutions at t,, 0 < n < N are denoted respectively by
DY(t)]. =0V (6 @). Y (6 ), Y- (8, 8).Y (¢, B)]and
[y(tn)]a,/} = [y_+(tn1a)1 y+ (tn’a)iy__(tniﬂ)1 y_(tn'ﬁ)] '
We have L
YOt @) =Y (t,; @) +hFt, Y (), Y (t,;a)],
Y (b @) =Y (4 @) +hG[L, Y (t0), Y (L, )]
Y= (t,1; B) < Y= (t,; B)+hHIL, Y (8, £). Y (t,: A)],
Y (. B) =Y (t,; B)+hI[t, Y (t,; 8),Y (t,;:B)]

and
Y (o @) =Y (t; @) +hFLL, Y i)y i a)l,
Yt @)=y (4 @) +hGIt,, Y (tia), Y (t,; o),
Y (i A=y (t; A +hHI. Y (6. y ¢ A
Y (s B) =y (; A)+hIlt, Y (i 8) Y (i B

We need the following lemmas to show the convergence of these approximates, that is,
Yy (@), y (t;a),y (t,;a),and y (t;) converges  tOY'(t;a),Y (t,;@) Y (t,;@),and Y (t,; @)

respectively whenever h — 0.
Lemma 5.1:

Let the sequence of numbers {W;}:‘:O ’{Wn_}::o satisfy ‘WM‘ < A‘Wn‘ +B 0<n<N-1 for

some given positive constants A and B. Then |Wn| <A" |WO| + B%

Lemma 5.2:
N N
Let the sequence of numbers {W }n:O , {V }n:O satisfy

n n

W,...| <|W, |+ Amax{\W,||V,|} +B,
Vo < V| + Amax{Ww, |V, [} + B,
for some given positive constants A and B and denote Un = Mn‘ + Nn ‘ , 0<n<N.

—n

Then U, <A'U,+B %—11 0<n<N where A=1+2A and B=2B..
Let F (t, u, v) and G (t, u, v) are obtained by substituting [y (t)], =[u,Vv] in (5.2).
The domain where F and G are defined is therefore

K={(t,u,v)/0<t<T, —oco<V<oo, —co<U<V}
Theorem 5.1:

LetF (t, u, v), G (t, u, v), H (t, u, v) and I(t, u, v) belong to CP(K) and let the partial derivatives of F
and G be bounded over K. Then for arbitrary fixed «,:0<q, 8 <1, the approximate solution of (4.1),

[X+(tn;a), )_/+(tn;a),)_/_(tn;ﬂ), ;/_(tn;ﬂ):i converges to the exact solution

Y ) Y Y ALY ()|
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Proof:
By using Taylor’s theorem
Y 05) =Y (i) R, Y () ¥ e+ G, )
Yo, o)=Y (t;e) +hG(t,, Y (t,;a), Y (t, a))+(hp”cl;—<'3 )(fnz)
Y- (tai ) =Y (4 B) + hH (4, Y (4 B).Y (4 B) + (h pﬂcl; YT )
Y (s A=Y GiA+h1E,Y :A.Y 1B+ F p+1cl;._(p ")

Where gn,li(:n,z 1§n,3’§n,4 € (tn’tn+1)

Now if we denote
W, =Yt )~y (t,a), V, =Y (t,a)-y ()
W, =Y (t,, A -y .5) and V, =Y (t,A) -y (/)

Then the above two expressions converted to
Hence we can write

+ + + hp+1
| n+l|<|W (|W Vi ) (p _,_1)!M1
. . hp+1
n+1| < (|W Vn ) (p+1)!M1
~ B B hp+1
|Wn+1| | n +2LhmaX( ,Vn )+WM2
B B hp+1
Vn-+—1|S ( Vn )+(p+l)|M2

Where

M, = max{max ‘Y_“pﬂ) (t,a)‘ , max

—(p+1)
Yo (t,a)‘}

M, = max{max ‘L(pﬂ) (t,ﬁ)‘ , max

Y_(p”)(t,ﬁ)‘} fort [0, T],

And L >0 is a bound from the partial derivative of F and G.
Therefore we can write,

2hP+ ) A+4Lh)" -1
1 1

{ 1)I 4Lh
V| < @+ 4Lh) |Ug |+ M, | 4L’ -1
1)I 4Lh
hp - (1+4|_h)n -1
4Lh ’
Us+ 2h‘”1 v |@+4Lh) 1
T l(p+r 2 4Lh
where U = W'| + V7|and|U | = Wo| + V]
In particular
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p+l
2h M
+1)!

a+4Lmh
4Lh

)
e MJ(““”” :
o)

| < @+ath)tjug|+

Ml

(p+1)! aLh

2hp+1
(p+1)!

a+4Lmh
4Lh

M

. o 2net 1eaLh) -1
p4|sa+4LhyWUJ+((p+D!Mj('*4Lg

Where
M =max{M,,M,} forte[0,T],

Since WO+ =Vo+ =W0_ =V0_ =0, we have

<M @“‘—th W+<M (" -1)

"I 2L (pt T T 20 (p+ )
|W7 < (e4LT _1) hp, P ( 4LT 1)

" 2L(p+1)! " 2L(p+D!

Thusif h —> 0 weget W,” —> 0, V. - 0,W.~ — 0and V, — 0which completes the proof.

6. Numerical Examples:
Example 6.1:

Consider the FODE with y'(t) = y with y(0) =(3,5,7;1.5,5,8)
Solution:
The solution is given by

Y (ta)=(@+2a)e Y (t,a) = (7 —2a)e
Y (t.8)=(6-358)¢ y (t.5)=(+3p)e

The numerical solution and Error results for example 6.1 at t =1 and (e, /#) =1are shown in the Table 6.1 and
Table 6.2 The solution graphs are shown Figure 6.1 andFigure 6.2.

Table 6.1
Absolute Error for IFRK3 at t=1

a,p — —

y (ta) y () y 65 y (t5)
0.00 3.633e-02 8.477e-02 1.817e-02 9.688e-02
0.20 4.117e-02 7.993e-02 2.664e-02 8.961e-02
0.40 4.602e-02 7.508e-02 3.512e-02 8.235e-02
0.60 5.086e-02 7.024e-02 4.360e-02 7.508e-02
0.80 5.571e-02 6.539e-02 5.207e-02 6.782e-02
1.00 6.055e-02 6.055e-02 6.055e-02 6.055e-02

Table 6.2
Absolute Error for IFRK4 at t=1

a,p - — — —

y (te) y (o) y 65 y (t5)
0.00 5.414e-08 1.263e-07 2.707e-08 1.444e-07
0.20 6.136e-08 1.191e-07 3.971e-08 1.336e-07
0.40 6.858e-08 1.119e-07 5.234e-08 1.227e-07
0.60 7.580e-08 1.047e-07 6.497e-08 1.119e-07
0.80 8.302e-08 9.746e-08 7.761e-08 1.011e-07
1.00 9.024e-08 9.024e-08 9.024e-08 9.024e-08
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Figure 6.1 Figure 6.2
Comparision of IFRK3 Solution and Exact Solution at t=1 Comparision of IFRK4 Solution and Exact Solution at t=1

0.9 0.9

0.8 0.8
1723 [}
$o7p 2 07
g s
>
z 06f = 06f
B 3
M 4l o
p 0.5 e 05
j = =4
© ©
o 04 IFRK3-member o 0.4 IFRK4-member
o Exact-member 'EL Exact-member
< 0.3+ IFRK3-Non-membel <C 0.3+ IFRK4-Non-member

—<— Exact-Non-member —<— Exact-Non-member

\ \ . G . . L . . G- . .
50 100 150 200 250 300 350 400 450 50 100 150 200 250 300 350 400 450
Numerical Values Numerical Values

Conclusion:

In this paper, the Runge-Kutta methods of order three and four have been proposed to solve the

intuitionistic fuzzy IVPs. The convergence analysis of these methods has been discussed. The applicability of
these methods has been illustrated through examples of intuitionistic fuzzy IVPs. From the numerical results, it
is observed that the absolute error is negligibly small and the accuracy increases as the order of the RK method
increases. Hence, it is seen that the RK method is suitable for solving intuitionistic fuzzy IVPs.
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